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Preface



The interaction between physics and mathematics has always played an important role in the development of both sciences. The physicist who does not have the latest mathematical knowledge available to him is at a distinct disadvantage. The mathematician who shies away from physical applications will most likely miss important insights and motivations. For these reasons it has become a practice to expose science students to a course in “mathematical physics” and mathematics students to a course in “applied mathematics.” Such courses usually present various mathematical techniques that are useful in science and engineering. The student is told that the mathematics is important, but he is rarely shown why it is needed. If applications are discussed, the student may find them artificially manufactured.


    For several years I have been giving a course in applications of operator theory. Rather than presenting the usual mixture of theorems, I decided to pick a branch of physics and to develop the theory from the very beginning. I did it in a mathematical way without describing the experimental evidence that gave rise to the theory. I gave a few simple postulates assuming no background in physics and as little background in mathematics as possible. The students were asked to accept these few postulates and not to try to understand the reasoning that led to them. Then I gradually introduced the powerful mathematical techniques that help answer questions that are important to the physical theory. Only those mathematical methods that are needed for the physics are introduced, and they are introduced when they are required. From the very beginning it is possible to motivate the entire exposition. The student sees clearly the purpose of the method and understands the accomplishment. This book is an outgrowth of this course.


    I found quantum theory to be very fruitful from a mathematical point of view. The theory gives rise to the many questions in operator theory and in the study of differential equations. I found the theory so rich that I was able to fill this entire volume analyzing only a single particle in one dimension. In fact, I was not able to cover all of the one-dimensional topics that I would have liked. It is true that most of the methods developed can be applied to systems of particles in higher dimensions, but I found that there was enough to do in the simplest case. In this way the student is introduced to the methods without being overwhelmed by details. The consideration of one situation throughout the book adds unity to the exposition.


    My main thrust has been towards the understanding of the physical and mathematical principles and not towards the achieving of the strongest results. I have tried to minimize technical details wherever possible and to keep the discussion elementary. Each mathematical method is introduced as needed in the development. It is then shown how the new technique solves the problem at hand.


    The book may be used at an advanced undergraduate or a beginning graduate level. The main prerequisite is advanced calculus. Elementary theory of Lebesgue integration and analytic functions of a complex variable are used unavoidably in a few sections, but the reader will have no difficulty skipping these sections if he is willing to believe certain statements. Most theorems in analysis and functional analysis are proved either on the spot or in an Appendix. There are a few theorems that I do not prove. However, the student will have no difficulty understanding their meaning, purpose, and applicability. These few theorems are standard in mathematics courses at the beginning graduate level (references are given in the Bibliography).


    Theorems are designated by three numbers. The first refers to the chapter, the second to the section and the third to the order in which it appears in the section. Lemmas and propositions are similarly designated.


    To my mind, the application of operator theory to quantum mechanics forms one of the most beautiful areas of knowledge. I hope this book has captured some of the beauty.


Martin Schechter


New York


                    TVSLB″ 0
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A Message to the Reader



The purpose of this volume is to show how mathematics is used to answer questions in science. We begin by assuming that the reader has a working knowledge of advanced calculus, and we present a few simple postulates describing quantum theory. The entire book is devoted to the study of a single particle moving along a straight line. We ask questions about this particle and gradually develop mathematical techniques that give the answers. Most of these techniques can be used for more complicated systems of particles, but I did not want to get involved in too many details. There are places where I need Lebesgue integration theory and complex variables, but most of the book can be understood without them. There are a few places where I ask you to believe me (of course I give references), but there should be no difficulty in understanding the statements. I hope this book can help you see how operator theory can be used as a powerful tool in the study of quantum mechanics.





1


One-Dimensional Motion



1.1. Position



We begin by studying a single particle restricted to motion along a line. The first postulate we shall use is


Postulate 1. There is a function ψ(x, t) of position x and time t such that the probability that the particle is in an interval I at the time t is given by


[image: image]


    Note that this postulate does not tell us how to determine the position of the particle, but only how to determine the probability that it is located in an interval. The postulate’s probabilistic nature represents a basic philosophical tenet of quantum mechanics. Later we shall see that it is seldom that we can determine the position (or any other quantity) precisely. For those who are unfamiliar with probability theory, it suffices at the moment to note that the probability of an event occurring is a number P, 0 ≤ P ≤ 1, which, in a sense, represents the chances that the event will take place. We shall have more to say about this later.


    The function ψ is called the state function for the particle. Usually it is complex valued, but only in the sense that it takes on complex values for each x and t. There need not be any relationship between its real and imaginary parts (i.e., it need not be analytic in the sense of complex variables). We shall not be able to justify the appearance of the absolute value and the square power in (1.1.1); although we shall see that they are highly desirable from a mathematical point of view.


    Since it is certain that the particle must be somewhere along the line, we have


[image: image]


at each time t.



1.2. Mathematical Expectation



Suppose w is a measurable quantity which can take on the values w1,…, wN. Assume that one can perform an indefinite number of independent experiments (i.e., the outcome of one does not affect the outcome of another) in which w is measured. Suppose the probability that w takes on the value wk is Pk, 1 ≤ k ≤ N. Since w must take on one of the given values, we have


[image: image]


The quantity


[image: image]


is called the mathematical expectation or average value of w. The reason for this terminology is the following theorem from the theory of probability (cf. Feller, 1950).


Theorem 1.2.1. Suppose a sequence of identical experiments is performed and the values S1, S2, . . ., Sn, . . ., are observed (the numbers Sn are among the values w1, . . ., wN). Then the average value


[image: image]


    converges to [image: image] “in the sense of probability.”


    In order for this theorem to make sense, we must know what it means to converge “in the sense of probability.” By this we mean that for each ε > 0 the probability that


[image: image]


tends to 0 as n → ∞. Life would be a lot simpler if (1.2.3) would converge in the usual sense, but this is not in the cards. However, it does show that the chances of the average (1.2.3) moving away from [image: image] are small.


    If w can take on any value in some interval, we must assign to each subinterval I the probability PI that the value of w lies in I. To compute the mathematical expectation of w, assume first that it is restricted to a bounded interval [a, b]. We divide this interval up into small subintervals Ik and form the sum


[image: image]


where xk is an arbitrary point of Ik. If these sums converge to a limit as the maximum length of the intervals Ik tends to 0 independently of the manner in which the intervals Ik were chosen and independently of the choice of the points xk ∈ Ik then we call the limit [image: image] the mathematical expectation of w. If w is not restricted to a bounded interval, we compute first the limit as above for a bounded interval [a, b] and then we take the limit as the length of the interval increases, assuming that this limit is independent of the choice of the interval and the manner in which it grows. If this latter limit exists, we call it the mathematical expectation [image: image] of w.


    To illustrate this concept, consider the probability (1.1.1) that a particle is in an interval I. Let I be a bounded interval, and subdivide it into smaller intervals Ik. If xk is an arbitrary point in Ik, (1.2.5) becomes


[image: image]


The following is true:


Lemma 1.2.1. If ψ(x, t) is continuous with respect to x in I, then (1.2.6) converges to


[image: image]


    as the maximum length of the intervals Ik tends to 0 independently of the choice of the Ik and xk.


PROOF. We have


[image: image]


Let ε > 0 be given, and take the length of each Ik < ε. Then |x–xk |< ε in Ik. Thus the right-hand side of (1.2.8) is less than


[image: image]


The definition and Lemma 1.2.1 lead immediately to


Theorem 1.2.2. If ψ(x, t) is continuous with respect to x and


[image: image]


    then the mathematical expectation of position is given by


[image: image]


    Now we give a proof of Theorem 1.2.1 for the case of the position of a particle. Suppose the positions of n identical particles are measured at a time t and that they all have the same state function. Suppose the observed values are x1, . . ., xn. If x0 and a > 0 are given, then the probability that |x0 – Σxk| > a is


[image: image]


This is less than


[image: image]


Set


[image: image]


and


[image: image]


where the asterisk denotes complex conjugation. Since


[image: image]


(1.2.11) is equal to


[image: image]


Thus the probability that [image: image] is bounded by


[image: image]


By (1.2.10), [image: image], while the second term tends to 0 as n → ∞.


Theorem 1.2.3. If f(x) is a continuous function satisfying


[image: image]


    then the mathematical expectation of f(x) is given by


[image: image]


    The proof of Theorem 1.2.3 is simple. In fact, let I be a bounded interval, and let I1, . . ., IN be a partition of I into smaller intervals with maximum length δ. If xk is an arbitrary point in Ik, we have


[image: image]


Since f(x) is uniformly continuous in I, we can make |f(x) – f(xk)| < ε in Ik by taking δ sufficiently small. For such a δ the left-hand side of (1.2.14) is less than


[image: image]


Once we have established this, we merely note that


[image: image]



1.3. Momentum



In classical physics the momentum of a particle is defined as


[image: image]


The second postulate we shall make concerns momentum. We state it as follows:


Postulate 2. The probability that the momentum p of the particle is contained in the interval I is given by


[image: image]


    where ħ is Planck’s constant (a quantity physicists will have no difficulty remembering and mathematicians will have no difficulty forgetting) and [image: image] is the Fourier transform of ψ with respect to x defined by


[image: image]


(We apologize to the mathematicians for using k as a variable.) As in the case of position, the average value of p turns out to be


[image: image]


As in Section 1.2, we have


Theorem 1.3.1. If g(p) is continuous and satisfies


[image: image]


    then


[image: image]


    The proof of Theorem 1.3.1 is the same as that of Theorem 1.2.3.


    In order to deal with momentum, we shall need to know certain properties of the Fourier transform. We state them here without hypotheses. Precise statements and proofs will be given in Appendix A.


    a.The inverse Fourier transform


[image: image]


    b.Parseval’s identity


[image: image]


        (The asterisk denotes the complex conjugate.)


    c.[image: image]


    d.[image: image]. (Here [image: image] denotes the inverse Fourier transform.)


    e.[image: image]


    f.[image: image]


    Using these properties we can show how one can express [image: image] without using the Fourier transform. For by (1.3.2)


[image: image]


Thus


[image: image]


where


[image: image]


This is called the momentum operator. Note that (1.3.7) is free of Fourier transforms, but the penalty paid is the introduction of the partial differential operator L.


    Repeated applications of (e) give


[image: image]


Consequently, we have by (1.3.4)


[image: image]


where we have used the notation


[image: image]



1.4. Energy



In classical physics the kinetic energy T of the particle is given by


[image: image]


By (1.3.10) the expectation of T is


[image: image]


The potential energy is given by a real-valued function of position V(x). The total energy is given by


[image: image]


If V(x) is continuous and satisfies


[image: image]


then Theorem 1.2.3 gives as the expectation value of the potential energy


[image: image]


How can we compute the average of the total energy? It turns out to be a simple matter if we use


Theorem 1.4.1. The mathematical expectation of a sum is equal to the sum of the mathematical expectations.


    Thus, if we add (1.4.2) and (1.4.5), we get


[image: image]


where


[image: image]


is the energy operator or Hamiltonian.


    It should be noted that Theorem 1.4.1 holds whether or not the quantities are independent. We shall give the proof only for the case of discrete variables.


    Let u be a measurable quantity that can only take on the values u1, . . ., uM with probabilities P1, . . ., PM and let υ be a measurable quantity that can take on only the values υ1, . . ., υN with probabilities Q1, . . ., QN. Let Rij be the probability that u = ui and that υ = υj. (If the quantities are independent, then Rij = PiQj. Otherwise, this need not be so.) Thus


[image: image]


Now the mathematical expectation of u + υ is


[image: image]


This proves the theorem for the discrete case.


    Although we have “proved” (1.4.5) only for continuous functions V(x), there are many potentials of physical interest which possess discontinuities or even singularities. For such functions we shall take (1.4.5) as the definition of the expectation value.



1.5. Observables



Any quantity that can be measured is called an observable. We have discussed three, namely, position, momentum, and energy. In each of these cases, we have noticed that there corresponds an operator in the sense that if a denotes the variable and ā is its average value, then there is an operator A such that


[image: image]


We can make a table:


[image: image]


In each of the cases mentioned the observable took on real values only. In such cases the average value must be real as well. This requires that (Aψ, ψ) be real for any state function ψ. This leads to the question, what operators A have the property that (Aψ, ψ) is real for every state function ψ? Fortunately the answer is simple. An operator A is called Hermitian if


[image: image]


holds for all ψ, φ. The answer to our question is given by


Lemma 1.5.1. An operator A is Hermitian if and only if (Aψ, ψ) is real for all ψ.


    Before we give the proof of Lemma 1.5.1, we had better clarify certain concepts. An operator is a mapping which takes a set [image: image] into a set [image: image] (which may coincide with [image: image]). It is always assumed single valued, that is, it takes an element of [image: image] into only one element of [image: image]. The set of elements on which it acts is called its domain. An operator A is called linear if (1) αx + βy is in its domain D(A) whenever x, y are in its domain and α, β are scalars, and (2) A(αx + βy) = αAx + βAy. We shall take our scalars to be complex, and when we use the word operator, we shall mean a linear operator.


    The expression (1.3.11) is called a scalar product. It has the following properties:


[image: image]


[image: image]


[image: image]


[image: image]


Technically speaking, statement (1.5.6) is not quite correct. It should say ψ= 0 almost everywhere (a.e.). However, we shall identify functions which agree almost everywhere and write ψ = 0 when we mean ψ = 0 a.e. This leads us to another question we have been avoiding, and that is, what functions are acceptable as state functions? Since they just satisfy (1.1.2), we must insist that they be square integrable on (–∞,∞). Thus they must belong to the well-known space L2 = L2(–∞, ∞). Those of you who are unfamiliar with Lebesgue integration theory, do not despair. You can consider the integrations in the sense of Riemann without serious misgivings. However, you should keep in mind that Lebesgue integration has the following important advantage over that of Riemann. If there is a sequence {ψk} of functions in L2 such that


[image: image]


then there is a ψ ∈ L2 such that


[image: image]


This property is called completeness. A sequence satisfying (1.5.7) is called a Cauchy sequence, while one satisfying (1.5.8) is said to converge to ψ. Completeness says that every Cauchy sequence in L2 converges to some element in L2.


    We shall say that ψk converges to ψ in L2 and write ψk → ψ when (1.5.8) holds. This is called strong convergence or convergence in norm. We shall say that ψk converges weakly to ψ if


[image: image]


One should note that strong convergence implies weak convergence. This follows easily from the Schwarz inequality


[image: image]


In fact one has by (1.5.8) and (1.5.10)


[image: image]


Sometimes we shall write ψk [image: image] ψ to mean that (1.5.9) holds. A proof of (1.5.10) is simple. It is certainly true if f = 0. If not, set α = –(f, g)*/||f||2. Then


[image: image]


Since this is nonnegative, (1.5.10) must hold.


    An important consequence of (1.5.10) is the triangle inequality


[image: image]


It is proved by expanding ||f + g||2 by means of (1.5.4)–(1.5.6) and using (1.5.10). From (1.5.12) it follows that ||ψk|| → ||ψ|| whenever ψk → ψ strongly. This need not be the case when the convergence is weak. A subset S of L2 is called closed if for every sequence of functions in S which converges in L2, the limit is also in S.


    A subset S of L2 will be called dense if for every ε > 0 and every ψ ∈ L2, there is a φ ∈ S such that ||ψ – φ|| < ε. The following lemma will be useful later.


Lemma 1.5.2. If S is dense in L2and


[image: image]


    then ψ = 0.


    The proof of Lemma 1.5.2 is simple; we leave it as an exercise. We end this section with the


PROOF OF LEMMA 1.5.1. Clearly (1.5.2) implies


[image: image]


For by (1.5.5), (Aψ, ψ) = (ψ, Aψ) = (Aψ, ψ)*. Conversely, (1.5.14) implies


[image: image]


In fact we have


[image: image]


Taking imaginary parts, we obtain (1.5.15). Next we note that by (1.5.15)


[image: image]


Combining this with (1.5.15), we obtain (1.5.2).


[image: image]



1.6. Operators



As we noticed in the beginning of Section 1.5 for each of the observables a which we have discussed so far, there is an operator A such that (1.5.1) holds. We wish to examine this a bit more carefully. Let us take, for example, the case of momentum. In this case A = – iħ ∂/∂x and


[image: image]


This integrand makes sense only if ψ is differentiable with respect to x and the expression is finite only if the integral exists. In other words, D(A) does not consist of all ψ ∈ L2. This is typical in quantum theory. However, for the theory to be reasonable, the number of state functions for which the observable can be measured must not be too small. This is indeed the case for all known observables. In fact the domains of the corresponding operators are dense in L2. This will be assumed in the theory.


    Another consideration deserves attention. The expression (1.6.1) makes sense and is finite for some ψ which are not differentiable everywhere. The restrictions on ψ necessary to ensure the existence and finiteness of (1.6.1) are not difficult to determine. We shall not be involved with this particular question at the moment, but we should note that it is important that the domain of A be as large as possible. Thus we shall assume that D(A) is the largest domain for which (1.5.1) holds.


    We summarize the ideas presented so far in this section by


Postulate 3. To every observable a there corresponds an operator A with dense domain such that


[image: image]


    holds for each ψ ∈ D(A). If B is a Hermitian operator such that D(A) ⊂ D(B) and


[image: image]


    whenever ψ ∈ D(A), then B = A.


    Note that ā depends on ψ. Strictly speaking we should write it as ā(ψ) or āψ. When we write B = A we mean that D(B) = D(A) and Bψ = Aψ there. As a consequence of Lemma 1.5.1 we have


Theorem 1.6.1. If the observable a is real valued, then the corresponding operator is Hermitian.


    We should verify that the operators x, L, and H are indeed Hermitian. This is a simple matter, and we leave it as an exercise.


    Let us make a few observations concerning domains of operators. Let A be an operator with a given domain D(A). One simple way of attempting to extend A to a larger domain is as follows. Suppose that ψ is not in D(A), but that there exists a sequence {ψn} ⊂ D(A) such that ψn → ψ and. Aψn → f Then we can define Aψ to be f. Of course, this definition will make sense only if f does not depend on the sequence {ψn}. For if [image: image] is such that [image: image] and [image: image], we must have g = f. Or to put it another way, if {φn} ⊂ D(A) satisfies φn → 0 and Aφn → w, we must have w = 0 in order for this method to work. An operator having this property is called closable or preclosed. The extended operator is called its closure and is sometimes denoted by Ā. It has the following property.


Lemma 1.6.1. If {ψn} ⊂ D(Ā), ψn → ψ, Āψn → f, then ψ ∈ D(Ā) and Āψ = f


    Thus Ā cannot be extended any further by the method outlined above. The proof of Lemma 1.6.1 is simple and is left as an exercise. An operator having the property described in the lemma is called closed. Thus the closure is the smallest closed extension of a closable operator and is uniquely determined by it.


    Not all operators are closable, but we have


Lemma 1.6.2. A Hermitian operator with dense domain is closable.


PROOF. If φn ∈ D(A), φn → 0 and Aφn → w, then for each h ∈ D(A),


[image: image]


Taking the limit (see Section 1.5), we get (w, h) = 0 for all h ∈ D(A). We now apply Lemma 1.5.2 to conclude that w = 0.


[image: image]


    This discussion now gives us


Theorem 1.6.2. The operator A corresponding to a real-valued observable a is closed.




PROOF. A is densely defined by Postulate 3 and Hermitian by Theorem 1.6.1. Thus it is closable by Lemma 1.6.2. Ā is Hermitian. For if {ψn}, {φn} ⊂ D(A), ψn → ψ, φn → φ, Aψn → Āψ,Aφn → Āφ, then






[image: image]


We take B = Ā in Postulate 3 to conclude that A = Ā. Hence it is closed by Lemma 1.6.1.


[image: image]



1.7. Functions of Observables



By definition, an observable is any quantity that can be measured in physics. However, it is rare that any quantity is measured directly. It is usually determined by measuring other quantities which are related to it. Thus, when we use the term measure we mean “determined by means of measurement.” Hence any function of an observable is also an observable. In particular a2 is an observable for each observable a. If A is the operator corresponding to a, what operator should correspond to a2? In view of (1.2.13) and (1.3.10) we expect it to be A2. We state this as a postulate.


Postulate 4. A function of an observable is an observable. If A is the operator corresponding to a, then A2 corresponds to a2.


    We should take care in defining A2. We say that ψ ∈ D(A2) if ψ and Aψ are both in D(A). We define A2ψ to be A(Aψ).


    Now we come to a very important theoretical question. Let a be an observable that takes on real values, and let A be its corresponding Hermitian operator. Then (1.5.1) holds. As mentioned in Section 1.1 it may not be possible to determine certain things concerning the observable a. However, it is considered imperative in physics that for each interval I we should be able to compute the probability P(a ∈ I) that the observable a be in the interval I. Moreover, this information should be determined by ψ and A. (An example of this is given by Postulate 1.) We now show how one can go about obtaining this information.


    Let χI(λ) be the characteristic function of the interval I, that is,


[image: image]


Since a is either in I or it is not, χI(a) can take on only the values 0 and 1. The probability that it takes on the value 0 is P(a ∉ I) and the probability that it takes on the value 1 is P(a ∈ I). Since χI(a) is an observable, we have


[image: image]


and consequently


[image: image]


Let EI denote the Hermitian operator corresponding to χI(a) Then


[image: image]


Thus


[image: image]


In a sense, this answers our question. The only problem is that we do not know what the operator EI is, how it can be constructed, or even how it is related to A


    In order to gain some insight into the matter, let us examine the operator EI and try to discover some of its properties. The first thing we note is


Lemma 1.7.1. ||EIφ|| ≤ ||φ||, [image: image].


PROOF. We have by Postulate 4


[image: image]


which shows that


[image: image]


If φ ≠ 0 set ψ.= φ/||φ|| Then ||ψ|| = 1 and consequently ||EIψ|| ≤ 1. This leads to the conclusion.


[image: image]


    We also note


Lemma 1.7.2. D(EI) = L2.


PROOF. We note first that [image: image] is dense since [image: image] corresponds to an observable (Postulate 3). EI is closed because it corresponds to a real observable (Theorem 1.6.2). Now let ψ be any element of L2. Then there is a sequence {ψn} ⊂ [image: image] such that ψn. → ψ By Lemma 1.7.1, ||EI(ψm – ψn)|| ≤ ||ψm – ψn|| → 0. Thus there is an element f ∈ L2 such that EIψm → f (completeness of L2; see Section 1.5). By Lemma 1.6.1, ψ ∈ D(EI) and EIψ = f.


[image: image]


Lemma 1.7.3. [image: image] = EI.


PROOF. Since we have χI(a)2 = χI(a), it follows from Postulate 4 that


[image: image]


This implies our result in view of the following lemma, which will be proved at the end of this section.


[image: image]


Lemma 1.7.4. If A is a densely defined Hermitian operator and


[image: image]


    then A = 0, that is, Aψ = 0 for each ψ ∈ D(A).


    Another application of Lemma 1.7.4 gives


Theorem 1.7.1. For each I, J,


[image: image]


PROOF. First we note that


[image: image]


In view of Theorem 1.4.1 this implies


[image: image]


Now we apply Lemma 1.7.4.


[image: image]


    An operator A on a Hilbert space is called bounded if there is a constant C such that


[image: image]


The smallest constant C that works is called the norm of A and is denoted by ||A||. Lemma 1.7.1 states that EI is bounded with norm ≤ 1. Note that bounded operators are closable. Another important property of EI is


Theorem 1.7.2. For each I, J,


[image: image]


PROOF. Since


[image: image]


we have by Postulate 4


[image: image]


But the left-hand side of (1.7.14) equals EI + EJ + EI EJ + EJ EI Thus we have
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